THE GAUSS MAP OF MINIMAL SURFACES 
IN THE HEISENBERG GROUP 



BENOIT DANIEL 

Abstract. We study the Gauss map of minimal surfaces in the Heisen- 
berg group Nils endowed with a left- invariant Riemannian metric. We 
prove that the Gauss map of a nowhere vertical minimal surface is har- 
monic into the hyperbolic plane H^. Conversely, any nowhere antiholo- 
morphic harmonic map into is the Gauss map of a nowhere vertical 
minimal surface. Finally, we study the image of the Gauss map of com- 
plete nowhere vertical minimal surfaces. 



1. Introduction 

The Gauss map of minimal and constant mean curvature (CMC) surfaces 
has been the object of a huge amount of investigations. For example, the 
Gauss map of minimal surfaces in Euclidean space and of CMC 1 surfaces 
in hyperbolic space is meromorphic, the Gauss map of CMC surfaces in 
(respectively, spacelike CMC in Minkowski space L^) is harmonic into 
the sphere (respectively, the hyperbolic plane H^). Hence a lot of results 
on the geometry of minimal and CMC surfaces have been obtained using 
the theory of meromorphic and harmonic maps. 

More recently, I. Fernandez and P. Mir a proved the existence of a har- 
monic "hyperbolic Gauss map" into If for CMC i surfaces in x R that 
are nowhere vertical ( |FM07j ). They also proved that any harmonic map 
(under a hypothesis) can be the hyperbolic Gauss map of a CMC ^ immer- 
sion. 

Because of the local isometric correspondence between CMC ^ surfaces 
in X M and minimal surfaces in the 3-dimensional Heisenberg group Nils 
(see [DanOT j ) . it is natural to study the same problem for minimal surfaces 
in Nils (endowed with a left-invariant Riemannian metric). The Lie group 
Nils is a 3-dimensional homogeneous manifold with a 4-dimensional isometry 
group; hence it is one of the most simple 3-manifolds apart from space- forms. 
Moreover, it is a Riemannian fibration over the Euclidean plane M^. 

Identifying (by left multiplication) the tangent space of Nils at any point 
with the Lie algebra of Nils, the Gauss map of a surface can be considered 
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as a map into the unit sphere of the Lie algebra. If the surface is nowhere 
vertical, i.e., nowhere tangent to the fibers, then the image of the Gauss map 
is contained in the northern hemisphere (up to a change of orientation). We 
first prove that the Gauss map of a nowhere vertical minimal surface in 
Nils is harmonic into the northern hemisphere endowed with the hyperbolic 
metric (i.e., of constant curvature —1; theorem 13.61 and corollarv l3.7p . 

Conversely, we prove that any nowhere antiholomorphic harmonic map 
into is the Gauss map of a nowhere vertical minimal surface in Nils 
(theorem 14. ip . For this purpose we obtain a Weierstrass-type representation 
in terms of the harmonic Gauss map. We observe that the formulas turn 
out to be much simpler than the corresponding ones for CMC ^ surfaces in 
El2 X M r |FM07] 1. 

In section [71 we get some properties of the image of the Gauss of complete 
nowhere vertical minimal surfaces in Nils ) using the theory of harmonic maps 
into and of CMC surfaces in (theorem 17. ip . Finally, in section [8] we 
give the Gauss map of the classical examples of minimal surfaces in Nils 
and we construct a new (and explicit) example of an entire minimal graph 
in Nils (example EH). 

In the present paper, the model used for the hyperbolic plane is the 
Poincare disk, i.e., 

if = 'B = {z €C; \z\ < 1} 
endowed with the metric 

4|dz|2 



{l-\z 



2^2 ■ 



Also, we denote by C = C U {oo} the Riemann sphere. 

2. The Heisenberg group Nils 

The 3-dimensional Heisenberg group Nils can be viewed as endowed 
with the metric 

/I ^ ^ 

dxl + dxl + ( -{x2dxi - 2;idx2) + dxs 

The projection vr : Nils ~^ I^^j {xi,X2,X3) i-^ (xi,X2) is a Riemannian fibra- 
tion; we will identify and C. 

We consider the left-invariant orthonormal frame (Ei, E2, E^) defined by 

^ 8x28^ d xi d ^ d 
^ dxi 2 dxs ' ^ dx2 2 8x3 ' ^ 8x3 ' 

We call it the canonical frame. 

The expression of the Riemannian connection V in this frame is the fol- 
lowing: 

V^i-Ei = 0, V E2E1 = ~2-^3, ^ E3E1 = --^-^2, 
ExE2 = -E3, VE2E2 = 0, VE3E2 = -El, 



THE GAUSS MAP OF MINIMAL SURFACES 



3 



"^EiEs = —-^-^2, ^ E2EZ = 2^1, V E-^E^ = 0. 

A vector is said to be vertical if it is proportional to £^3, and horizontal 
if it is orthogonal to £"3. A surface is said to be nowhere vertical if £3 is 
nowhere tangent to it, i.e., if the restriction of tt to the surface is a local 
diff eomor phism . 

We identify the tangent space at a point x = (xi,X2,X3) with the Lie 
algebra of Nils by left multiplication by x~^\ in other words, we can identify a 
vector at x with its coordinates in the frame (£1, -^s)- These coordinates 
will be denoted into brackets; we then have 



d d d 

aiT^ h a2^ h a'i- — 

oxi 0x2 UXs 



ai 

a2 



«3 + 2(^2(21 - Xia2) 



The isometry group of Nils is 4-dimensional and has two connected com- 
ponents: isometrics preserving orientation of the fibers and the base of the 
fibration, and those reversing both of them. The translations along the 
xi-axis are given by 

(Xi, X2, X3) 1-^ (^i + t, X2, X3 + 

with t G R, those along the X2-axis by 

/ txi 

(Xi,X2,X3) ^ I Xi,X2 + t,X3 ^ 

and those along the X3-axis by 

(xi,X2,X3) ^ (xi,X2,X3 + t). 

The canonical frame is invariant by translations. A rotation by 9 about a 
vertical fiber in Nils induces in the Lie algebra the rotation of angle 6 about 
£3. For more details, see |FMP99j . 



3. The Gauss map 

Let S be an oriented Riemann surface and z = u + iv Si conformal co- 
ordinate in S. Let X : E — )■ Nils be a conformal immersion. We denote 
by F = TT o X the horizontal projection of X and by /i : S ^ R the third 
coordinate of X in the model described in section [2 we have X = (F, h) in 
this model. We regard F as a complex-valued function, identifying C with 
R^. We denote by : S — > the unit normal to X, where is the unit 
sphere of the Lie algebra of Nils- 

Definition 3.1. The Gauss map of X is the map g = ip o N : S— >C 
where 93 is the stereographic projection with respect to the southern pole. 
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i.e., (7 : S — )> C is defined by 

1 



N 



1 + 



2 Re 5 
21m g 



Definition 3.2. We set 

We call the pair {g, rf) the Weierstrass data of the immersion X. 
Remark 3.3. The other choice of normal would replace 5 by ^ = — |. 
We have 



Observe that the conformality of X is equivalent to 

n2 





1 Xz — 


" {F + Fh ' 


i{F-F), 


i{F - F), 









(1) 



We also have 



and thus 



X, X X. 



ReirjF, - f^F^) 
lm{r]F2 - 7)Fz) 
\F.?-\F,? 



Xu X X„ = —2iXz X Xz 



We first notice that 

• 5 = or oo if and only if 7/ = 0, 

• = if and only if F^ = 0, 

• g( = oo if and only if Fz = 0. 

We compute that 



Re(r/Fj - r/F,) 
\m{'qF2 - f)Fz) 



\\Xu X X,\\ = 2{Xz,Xz) = |F,p + \F-z\^ + -|r/|2. 



From this we get, when g ^ oo, 
2g TjFz - riFz 



\Fz?-\F, 



and so 



9 



rjFz - T]Fz 
2\Fz\^ + Mv\^' 



Using (pP), we conclude that, when g ^ oo, 



THE GAUSS MAP OF MINIMAL SURFACES 5 

Remark 3.4. This shows that the functions | and gfj can be extended 
smoothly to points where g = or oo. 

Formulas ([T|) and ([2|) characterize {g, rj) up to the transformation [g, rf) i— > 
(— g, —rj). Observe that g and rj are defined independently of the model 
of Nils, whereas h depends on the model. This function h satisfies 

(3) K = \^-'-{FF,-FF,). 
We first notice the following fact. 

Proposition 3.5. Let X : S — )• Nils he a conformal immersion. Then its 
Gauss map g cannot he identically equal to or oo on an open set. 

Proof. Assume that g = on an open set U. Then by ^ we have rj = and 
Fg = on U, and thus F^z = on [/. Hence by ([3]) we get hz = —jFFz, 
and so hzz = "jl-^zP- Since hzz G M we conclude that Fz = on U, and so 
Xz X Xz = 0, which is impossible, since X is an immersion. 

In the same way, g cannot be identically equal to oo on an open set. □ 

Theorem 3.6. Let X : S ^ Nils he a conformal minimal immersion. Then 
its Gauss map g : T, C satisfies 

(4) (1 - \g\'^)gzz + 2ggzg-z = 0. 

This equality holds when g ^ oo; in the neighhourhood of a point where 
g = oo, g needs to he replaced hy ^. 

Corollary 3.7. Let X : S — )• Nils be a conformal minimal immersion that is 
nowhere vertical. Assume that its normal is upward. Then its Gauss map g 
takes values in the hyperholic disk H^, and it is harmonic (for the hyperbolic 
metric). 

Proof of corollary \3.7[ The third component of is j^q^i so is upward 
if and only if \g\ < 1, i.e., g G H^. Also, the equation 

gzz + z — r-^9zgz = 

means that g is a, harmonic map into H^. □ 

Before proving the theorem, we translate the minimality condition in 
terms oi F, g and rj. 

Lemma 3.8. The conformal immersion X is minimal if and only if 

r]z+fjz = 0. 

The first equation in ^ holds when g 7^ 0, 00. When g = 0, 00 it means 
Fzz = (see also remark \3^ . 
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Proof. The conformal immersion X is minimal if and only if 
We have 

" 2{F + F)uu + i{v + v){F-F)u 
2i{F - F)uu - iv + V){F + F)u 
2(r/ + r?)n 

2(F + F),, -(?7-f/)(F-F), 
2i{F - F)^^ - iir) - fj){F + F)^ 
2i{r] - ff)^ 

Hence the horizontal part of V Xu-^u + Vx„^t) vanishes if and only if 

F,-,= '-{f)F, + ^F,), 
and its vertical part vanishes if and only if 

r]z+fiz = 0. 

When 51 / 0, oo, we conclude using When (7 = 0, 00, we have t] = and 



so F, 



0. 



□ 



-pT, and thus 



Proof of theorem \3.6l We first restrict ourselves to a domain on which g 7^ 
00, i.e., on which F^ / 0. Using ([2 

2c?5^ = - 

and by ([5]) we obtain, when g ^ 0, 



\ we have g^ 
F - F-F 



(6) 



9z 



2\2 



with 



By continuity this equality also holds when g = 0. Differentiating 
respect to z, we conclude, using ([2|), (0) and that g satisfies (H]). 

In the same way, in the neighbourhood of a point where g = 00, we prove 
that I satisfies (gl). □ 

Remark 3.9. If \g\ = 1 on an open set, then by (jj]) we obtain that g is 
constant, and so, using ([2]), we obtain that gF + gF is constant. Hence 
X{T,) is a vertical plane, i.e., a surface of equation axi + 6x2 = c for some 
(a, 6) 7^ (0,0) and some c G M (such a surface is minimal and flat). 

Proposition 3.10. Let X : S ^ Nils be a conformal minimal immersion 
such that X{T,) is not a vertical plane. Let {g,rj) he its Weierstrass data. 
Then we have 

99z 



(7) 



r] = 8i 



a-\9 



2\2 ■ 



and the metric induced onT, by X is 



(8) 



ds^ = 16 



(1-|9 



2^4 1 
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These expressions hold at points where \g\ ^ l,oo, and extend smoothly 
at points where \g\ = l,oo. In particular, if \g\ < 1, then g is nowhere 
antiholomorphic (i.e., gz does not vanish). 

Proof. Formula ([7]) comes from ([2|) and ([6|). 
Uusing ([2]) and ([7]), we get 

{x.,x,) = + m') + \h' = 8 |j + |^|'p ff.ndzp, 

so we obtain ([S]). 

Finally, we have {Xz^Xz) > 0, since X is an immersion; hence, if l^l < 1, 
this shows that g is nowhere antiholomorphic. □ 

Remark 3.11. A. Sanini proved that the Gauss map, regarded as a map 
into the Grassmann bundle of the 2-planes of the tangent bundle of Nils, of 
a surface in Nils is conformal if and only if the surface is minimal ( |San97j ). 

4. Minimal immersions with prescribed Gauss map 

Theorem 4.1. Let Ti be a simply- connected Riemann surface. Let g : Ti ^ 
be a harmonic map that is nowhere antiholomorphic. Let zq G T,, Fq ^ C 
and /iQ € M. 

Then there exists a unique conformal minimal immersion X : S — )■ Nils 
such that g is the Gauss map of X and X{zq) = {Fq, /iq). 
Moreover, the immersion X = (F, h) satisfies 

F--U—^^^, F, = -4i- 



Proof. We first recover the horizontal part F using the following fact. We 
claim that the differential system 



-Ai-, 



9z 



(9) I (Mr)" 



has a unique solution F : S — > C satisfying F{zq) = Fq. Indeed, setting 

2 - 

A = — 4z-p3^pp- and B = —Aijj^^^^p^ , it suffices to check that Az = Bz 
(since S is simply-connected). Using the fact that g is harmonic, we get 
that Az = Bz = —'^ijizf^^^ which proves the claim. 
We now have to recover the function h. We set 

(10) ?? = 8i 



We claim that the differential equation 

(11) hz = \v-\{FFz-FFz 
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has a unique solution /i : ^ M satisfying h{zQ) = h^. Indeed, it suffices to 
check that 



which proves the claim. 

We now set X = (F, /i) : S — ?> Nila , and check that X satisfies the 
conclusions of the theorem. It is clear that X{zq) = {Fq, /iq). 

By (fTT|) . we have rj = 2{E3,Xz); moreover, by Q and ([TO]) . ^ is satisfied, 
so X is a conformal map. Also, {Xz,Xz) = ^(|i^2p + l-^zP) + 3!??^ > 0, 
since gz does not vanish; hence X is an immersion. We also observe that 
([2|) holds, which means that g is the Gauss map of X. Finally, ([5]) holds, so 
X is minimal. □ 

Remark 4.2. If we start with a map g : S — )• C satisfying equation ^ 
(without assuming that \g\ < 1), then it may be impossible to recover a 
minimal immersion X : Ti ^ Nils. However, in some cases it is possible. 

• If l^l = 1 on an open set, then we recover a vertical plane (remark 



• Assume that \g\ is not identically 1 on any open set. Let Sq be 

a connected domain in S on which the functions —Aij^-^^rrvr and 
-2 

can be extended smoothly to a pair of functions A and 

B that do not vanish simultaneously. Let Sq be the universal cover 
of Sq. Then we can recover an immersion X : Tiq ^ Nils (the proof 
is the same as that for theorem 14.11 the fact that A and B do not 
vanish simultaneously ensures that X is an immersion). See the 
examples in section [8l 

Remark 4.3. Such representation theorems involving harmonic maps were 
proved by K. Kenmotsu for CMC surfaces in M'^ ([ Ken79) ). by K. Akuta- 
gawa and S. Nishikawa for spacelike CMC surfaces in ( |AN90j ) and by I. 
Fernandez and P. Mir a for CMC ^ surfaces in x M ([FMQ7]). 

Remark 4.4. F. Mercuri, S. Montaldo and P. Piu also obtained a Weier- 
strass-type representation for minimal surfaces in Nils ( |MMP06] ). However, 
their representation involves a pair of functions satisfying a rather compli- 
cated system of PDE, whose solutions are difficult to find. On the contrary, 
theorem 14.11 allows to construct a minimal surface starting simply with a 
harmonic map into H^. Examples are provided in section [8l 




Using the fact that g is harmonic and @ , we get 
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5. The Hopf differential 
The Hopf differential of a harmonic map 5 : S — )• 



IS 



Q 



It is weh known that it is holomorphic. 

On the other hand, U. Abresch and H. Rosenberg proved the existence 
of a holomorphic quadratic differential for CMC surfaces in Nils, and more 
generally in other homogeneous 3-manifolds ( |AR04] . |AR05j ): this quadratic 
differential is a complex linear combination of the (2, 0) part of the second 
fundamental form of the surface and of r/^dz^. 

Proposition 5.1. The Abresch-Rosenberg differential of a nowhere vertical 
minimal surface in Nils coincides (up to a constant) with the Hopf differen- 
tial of its Gauss map. 

Proof. We use the same notation as in sections [3] and HI 
We have 



2(F + F)uv + §(r? + ry)(F - F), - i(r? - f]){F - F)„ 
2i{F - FU - + f])iF + F),-^{r,- f))[F + F)„ 
- V)u + {11 + f])v 



The last coordinate is obtained, using that it is equal to 2i{rj — f])u+i{FuFy — 
FuFy) and to 2(r/ + ff)^ — i{FuFy — F^Fy). Using a computation done in the 
proof of lemma 13.81 we get 

Vx^Xu - Vx^X^ - 2iVx^Xy 

2{F + F),, + iry(F - F)^ + ^r,{F - F\ 
2i{F - F),, + ir?(F + F), - \r,{F + F)„ 

Consequently we get 

(iV, Vx.^Xu - Vx.X, - 2iVxM 

^ ;{4:gF,,+4gF,, + 2igr]F, 



2igr]F, + 2(1 - \g\^)r]. 



We first consider a domain where g ^ 0. Using ([2]) we obtain 

(iV, Vx^Xu - Vx^X, - 2iVxM = iV^ + 2^- 

9 

Finally, using ([7]) we get 

V, Vx„^« - Vx„X, - 2iVxM - ir]^) dz^ = ^iQ- 



We now deal with the points where g = 
(A^, Vx^Xu - Vx^X,, - 2iVxM = ^Vz, Vz 
Hence the result also holds. 



0. At these points we have 
-2%^ by dZD and r/ = 0. 

□ 
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Remark 5.2. We have the following formula for the Hopf differential in 
terms of the Weierstrass data of the surface: 

2 g 

In the case of minimal surfaces in W^, ii g denotes the Gauss map (mero- 
morphic) of the surface and rj = 2(x3)z, where X3 is the third coordinate of 
the surface, then the Hopf differential of the surface is given by 

2 g 

6. The action of isometries 

Let S be a simply-connected Riemann surface. Let X : T, ^ Nils be a 
nowhere vertical conformal minimal immersion and g : T, ^ its Gauss 
map (we assume that the normal is upward); it is harmonic and nowhere 
antiholomorphic. 

Let ^> be an isometry of Nils preserving the orientation of the fibers. If $ 
is a translation, then the Gauss map of $ o X is also g, since the canonical 
frame (£'1, £"2, .Ba) is invariant by translations. From this we deduce that, if 
we remove the initial condition in theorem 14.11 then the immersion with a 
prescribed Gauss map is unique up to translations of Nils. If 'I' is a rotation 
about a fiber, then the Gauss map of ^ o X is po g, where p is the rotation 
about G of the same angle. Thus the isometries of Nils only induce the 
rotations about in (we do not take into consideration the isometries of 
Nils that do not preserve the orientation of the fibers since we only consider 
surfaces whose normal vector is upward). 

Conversely, let T be a positive (i.e., orientation-preserving) isometry of 
H^. Then T o g is harmonic and nowhere antiholomorphic; hence it is the 
Gauss map of a nowhere vertical conformal minimal immersion X : S — ?> 
Nils. 

If T is a rotation about € H^, then X is simply ^ o X where $ is a 
rotation about a fiber in Nils. On the contrary, if T is not a rotation about 0, 
then in general X is a non-trivial deformation of X. Example 18.21 illustrates 
this fact. 

Consequently, a nowhere vertical conformal minimal immersion has a nat- 
ural 2-parameter family of deformations obtained by applying an isometry 
of to the Gauss map. These deformations are in general not isomet- 
ric. However, if g has a positive symmetry, i.e. if there exists a positive 
isometry T of and a positive conformal diffeomorphism ■0 of S such that 
Tog = g oip^ then g and Tog define the same surface up to a translation 
in Nils and up to a reparametrization. 

If r is a negative (i.e., orientation-reversing) isometry of H^, then Tog 
is still harmonic but not necessarily nowhere antiholomorphic. Even if it is 
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nowhere antiholomorphic, the corresponding minimal surface can be com- 
pletely different from the one we started with. In particular, completeness 
may not be preserved. This fact is illustrated by examples 18.41 and 18.51 

7. Complete minimal surfaces 

The object of this section is to study the image of the Gauss map of 
complete minimal surfaces in Nils. For this purpose, we recall a few facts 
on harmonic maps and CMC surfaces in Minkowski space L'^. 

Let S be a simply connected Riemann surface, X : E — > Nils a nowhere 
vertical minimal immersion and : S — )• its Gauss map. The map g 
is harmonic and nowhere antiholomorphic; hence it is the Gauss map of a 
spacelike CMC ^ immersion X : S — ?> L^, and the metric induced by X on 
S is 

(1 - \9 vy 

(see for example jAN90j and |Wan92j : in |AN90] . appears instead of gz 
because of a different choice of complex structure for H'^; in |Wan92j . the 
mean curvature is normalized to 1 instead of ^). By ([5]) we observe that the 
metric induced by X on S is 



(12) d.^ = J ds 

Hence, if ds^ is complete, then ds^ is also complete. 

Using these facts and some results about harmonic maps and CMC sur- 
faces in L^, we will deduce some properties of the image of the Gauss map 
of complete nowhere vertical minimal surfaces in Nils. 

Let doo^ be the asymptotic boundary of the hyperbolic plane; we will 
identify it with We will consider the intersection of 9ooIHI^ and of the 
closure of the image of the Gauss map. This intersection is the set of all the 
asymptotic horizontal directions of the normal of the surface. 

Theorem 7.1. 1. The Gauss map of a complete nowhere vertical minimal 
surface S in Nils is not bounded in . 

2. Let L C = dooM.'^ be a closed subset containing at least 3 points. 
Then there exists a complete nowhere vertical minimal surface in Nils whose 
Gauss map is a diffeomorphism onto the interior of the convex hull of L in 

3. If L moreover has non-empty interior, then there exists a minimal 
surface as in 2. that is moreover of hyperbolic conformal type. 

4. Let m ^ 3 and T be an ideal polygon in with m vertices. Then there 
exists a (m— 3) -parameter family of non- congruent complete nowhere vertical 
minimal surfaces in Nils of parabolic conformal type and whose Gauss maps 
are diffeomorphisms onto the interior of 7. 

Proof. 1. Let X : S — )• Nils be a conformal immersion such that X{Tj) = S 
and 5 : S — > its Gauss map; without loss of generality we can assume 
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that S is simply-connected. Let X : S ^ be a CMC ^ immersion with 
Gauss map g; we use the same notations as above. 

Assume that g is bounded, i.e., that there is a constant c G (0, 1) such that 

\g\ ^ c. Then the quantity is bounded from above by a constant, 

and since ds^ is complete, so is ds^ by ()12p . By a theorem of Y. L. Xin 

( |Xin91] ). the only complete CMC surface in L'^ with bounded Gauss map 

is the plane, which has CMC 0. This gives a contradiction since X has CMC 
1 

2- 

2. By theorem 4.7 in |CT90j . there exists a complete spacelike CMC 
surface given by a conformal immersion X : S — )• L'^ (where S is simply- 
connected) such that the closure of the image of its Gauss map 5 : S — > 

is the convex hull of L. Since L contains at least three points, the 
map 5 is a diffeomorphism by theorem 4.8 in [CT90] . Up to a change 
of orientation of S, we can assume that g preserves orientation and so is 
nowhere antiholomorphic. Then it is the Gauss map of a nowhere vertical 
conformal minimal immersion X : S — > Nils. And X{T,) is complete since 
A'(S) is complete. Then the surface ^(S) has the required properties. 

3. We proceed as in 2. using theorem 9.2 in |CT90j . 

4. We proceed as in 2. using |HTTW95j . The fact that the obtained 
surfaces are non-congruent is a consequence of the fact that their Gauss 
maps are nontrivially distinct. □ 

Remark 7.2. I. Fernandez and P. Mira proved that any holomorphic qua- 
dratic differential on C or ID is the Abresch-Rosenberg differential of a com- 
plete minimal surface in Nils ( |FM07| ). 

We end with some open questions. It would be interesting to study the 
complete minimal surfaces with these prescribed Gauss maps. We know 
that they are local graphs over parts of . Hence it is a natural question to 
determine if they are proper, if they are graphs. It also seems interesting to 
try to solve the Bernstein problem in Nils using the harmonic Gauss map, 
i.e., to classify all minimal entire graphs (i.e., over the entire M?) in terms of 
their Gauss map (example 18.41 is a new example of such a graph) . Another 
problem is to determine if some complete nowhere vertical minimal surfaces 
in Nils come from non-complete CMC surfaces in L^. 



8. EXAMPLES 

In this section we give the Gauss map of some classical examples and we 
construct new examples, in a particular a new example of an entire minimal 
graph over M? (example 18. 4p . Vertical planes do not appear, since their 
normal is horizontal (and constant). 
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Example 8.1 (the minimal hemisphere). Let S = D and g{z) = iz. Then 
Qz = i, and using the formulas in theorem 14.11 we get (up to a translation) 

Iz 

F = - — h = d. 

Hence we obtain the surface of equation 2:3 = 0. It is invariant by rotations 
about the xa-axis (but by no translation nor other rotation). We call it the 
minimal hemisphere of pole (0,0,0). We chose this terminology, since this 
surface is the limit of the half CMC spheres of South (or North) pole (0, 0, 0) 
when the mean curvature tends to 0. The Hopf differential of is Q = 0. 

Example 8.2 (translation-invariant examples). Assume that the image of 
5 is a geodesic of and that g is nowhere antiholomorphic. Then the Hopf 
differential of g cannot vanish (otherwise we would have = at some 
point, and since g only depends on one real parameter this would lead to 
^2 = at this point, which is excluded); hence, up to a conformal change of 
parameter, we can choose S = C, Q = — \dz'^ and 

a(l — coshf) + csinhu 

g{u + iv) = — N I - ■ 1 

c(l — cosh V) + a smh v 

with |ap — |cp = 1. Then we have 

i 1 — cosh V 

9z 



2 (c(l — cosh v) -\- a sinh vY ' 

Up to a rotation about G (see the discussion in section [6]), we can 
assume that the geodesic intersects the axis {ReC = 0} orthogonally and 
is oriented from the right to the left; moreover we can assume that this 
intersection happens when f = 0. Prom this we get (7(0) G and gz{^) = 
— |g'^(0) G zR+, which gives a G M and c G «M. Hence, up to a multiplication 
by —1 of a and c, we can set a = cosh0 and c = zsinh^ for some ^ G M. 
From the formulas of theorem 14.11 we get 
1 

Fz = — (cosh(20) + coshu + zsinh(20)sinhw), 

Fz = — (cosh(20) — coshw — zsinh(2^) sinhf), 
and so (up to a translation) 

F = cosh(20)?x — sinh(20) coshti + zsinhf;. 

Then we compute that 

1 X % 

hz = cosh(26') sinhu — - sinh(20) — - cosh(20)u cosh u , 

and finally we obtain (up to a translation) 

h = — cosh{29)u sinh ^ + 2 sinh(20)f . 
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This surface is an entire graph over M?, given by 

X3 = ^xiX2 + ^ sinh(26') ^argsinh(2;2) + X2\Jl + x\ 

It is invariant by the one-parameter family of translations along the xi-axis. 
It is described in [FMP99j . 

Example 8.3 (helicoids). Let a G M \ {0} and (p a real- valued function 
defined on an open interval I satisfying 

{^'f = a(l - 

and constant on no interval. We have — = — 2a(/5(l — and so 

(1 - (^2)^" + 2^{^'f - ^(1 + (^2) = 0. 

Assume first that a > 0. We choose such that (/^(O) = and 9?' > 0, 
and we restrict 93 to an interval (— fo, fo) such that vq, fo) = (—1, !)• (If 
o = ^, then (/j(x) = tan (|) .) Let S = M x (— uq, vq) and g{u^iv) = e*"(/?(u); 
then g is harmonic. We have 

9z = ^e^"(v? - if'), 

and so 

Up to a translation we get 

, (f{v) - Lp'{v) 
Then we compute that 

(1 - ip{v 
which gives, up to a translation, 

h = au. 

We have \F\ — )• +00 when v —vq, and \F\ when v vq. Thus the 
closure of the surface contains the xs-axis; it is one half of a right-helicoid. 
We obtain the complete right-helicoid by rotation of angle vr about this axis. 
Observe that the curve {v = 0} on the surface is horizontal and the helicoid 
is horizontal along this curve (since g{u,0) =0). The Hopf differential of g 
is Q = —adz^. 

Assume now that a < 0. We choose ip such that (/? > and 93 has a 
minimum at u = 0, and we restrict (p to an interval {—vq,vq) such that 
(P{—vq,vq) = (99(0), 1). Let S = M X {—vq,vq) and g{u + iv) = e^^ip{v). As 
above, g is harmonic and the same formulas for F and h hold. In the same 
way, we have |F| +00 when v — )• —vq and \F\ — >■ when v — )■ vq. Thus 
the closure of the surface contains the xs-axis; it is one half of a left-helicoid. 



-2ie' 



"-2 — \2\2 ~ ^' 
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We obtain the complete left-hehcoid by rotation of angle tt about this axis. 
The Hopf differential oi g is Q = —adz^. 

Example 8.4 (an entire minimal graph). Let S = {z € C;Rez > 0} and 

— 1 + i cosh(2ii) sinh(2ti) 

g^ii _|_ iy \ = i i i _ 

sinh(2n) + cosh(2n) cosh(2i;) 

This is the Gauss map of a complete CMC surface in called semitrough 
(see |CT90| and [HTTW95j page 98). The image of g is BP n {Rez < 0}. 
We get 

(cosh(2ii) + l)(cosh(2ii) + sinh(2n) cosh(2f) — isinh(2f)) 



9z 
and so 



F, 



(sinh(2ii) + cosh(2n) cosh(2u))2 

i cosh(2u) + sinh(2u) + i cosh(2?j) sinh(2n) 

cosh(2u) — 1 
i cosh(2u) + sinh(2u) — i cosh(2?;) sinh(2u) 



cosh(2u) — 1 

Up to a translation we obtain 

F = 2 sinh v cosh v coth u + i coth u — 2iu, 

and then 

, -12 ^ sinh V cosh v . , 

hz = ^cosh V u ^ \-zucothu 

2 sinh u 

—2iu cosh^ V coth u + sinh v cosh v coth u, 

and finally, up to a translation, 

h = sinh u cosh w(2ti coth n — 1). 

The map is a diffeomorphism from S onto C. Hence we obtain a new 
example of an entire graph over R'^. Let xi = KeF, X2 = ImF and = h 
be the coordinates of the surface. The map u i— >■ X2 is a diffeomorphism 
from (0, +oo) onto M, and the surface is defined by an equation of the form 

2:3 = xif{x2), 

where / is a function. This surface is foliated by Euclidean straight lines 
(which, in general, are not geodesies of Nils). When X2 —00, i.e., when 
u +00, we have f{x2) ~ ~^^2; when X2 +00, i.e., when n ^ 0, we 
have f{x2) ^ 2x2 ' ■^^■'^^^ the one side the surface is asymptotic to the 
surface of equation X3 = —\x\X21 which is invariant by translations along 
the X2-axis (this is the image of example 18.21 with = by a rotation) ; on 
the other side, the surface is asymptotic to the surface of equation xj, = 0, 
which is a minimal hemisphere (example 18. ip . This surface is complete, since 
the corresponding CMC ^ surface in is complete. The Hopf differential 
oi gis Q = —dz^. 
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Example 8.5. Let S = {z G C; Re 2; > 0} and 

— 1 — i cosh(2u) sinh(2t') 



g[u + IV) 



sinh(2n) + cosh(2n) cosh(2'f;) 
This is the complex conjugate of the Gauss map of example 18.41 We get 
(cosh(2u) — l)(cosh(2w) + sinh(2ti) cosh(2f;) + isinh(27;)) 



(sinh(2n) + cosh(2u) cosh(2i;))2 



and so 



F2 



i cosh(2n) — sinh(2f ) + i cosh(2w) sinh(2u) 
cosh(2n) + 1 ' 
i cosh(2M) — sinh(2t') — i cosh(2t>) sinh(2u) 



cosh(2n) + 1 
Up to a translation we obtain 

F = —2 sinh v cosh v tanh u — i tanh u + 2iu, 

and then 

2 i sinh v cosh?; 

hz = I cosh V \- u 2 \-miamiu 

2 cosh u 

—2iu cosh^ V tanh u + sinh v cosh v tanh u, 

and finally, up to a translation, 

h = sinh t; cosh w (2m tanh u — 1). 

The map -F is a diffeomorphism from S onto M x (0, +00). Hence the surface 
is a graph over a half-plane. Let xi = ReF, X2 = ImF and X3 = /i be the 
coordinates of the surface. The map u 1-^ X2 is a diffeomorphism from 
(0, +00) onto itself, and the surface is defined by an equation of the form 

where / is a function. This surface is foliated by Euclidean straight lines (as 
example 18. 4p . When X2 — )• +00, i.e., when u —> +00, we have /(X2) ~ ~\x2] 
when X2 0, i.e., when n — >■ 0, we have f{x2) ~ 2^2' -^^^"^^ o'^^ 
side the surface is asymptotic to the surface of equation X3 = —\x1X2, and 
on the other side the surface is not complete and its closure contains the 
X3-axis. The surface can be completed by rotation of angle vr about the 
X3-axis. The Hopf differential oi g is Q = —dz^. 

9. Final remark 

After the first version of this paper (arXiv:math/0606299vl) was written, 
in June 2006, some of the questions addressed at the end of section [7] were 
answered: 

• in |FM09| . I. Fernandez and P. Mira solved the Bernstein problem in 
Nils, i-e-) they classified all entire minimal graphs in Nils (in terms 
of their Abresch- Rosenberg differential). 



THE GAUSS MAP OF MINIMAL SURFACES 



17 



• in [DH09j . the author and L. Hauswirth proved that every com- 
plete nowhere vertical minimal surface in Nils is necessarily an en- 
tire graph; moreover, this implies using [ FM09| that every complete 
nowhere vertical minimal surface in Nils comes from a complete 
CMC surface in L^. 
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